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Summary 
The  paper   presents a g l o b a l  maximum p r i n c i p l e  f o r  o p t i -  
m a l   p e r i o d i c   c o n t r o l   o f   r e t a r d e d   f u n c t i o n a l   d i f f e r e n -  
t i a l  sys tems .   The   p roo f   i s   based   on   Eke land ' s   Va r ia -  
t i o n a l   P r i n c i p l e ,   a n d  a s t r u c t u r a l   t h e o r y   o f   l i n e a r  
f u n c t i o n a l   d i f f e r e n t i a l   e q u a t i o n s .  
1 .  I n t r o d u c t i o n  
C o n s i d e r   t h e   f o l l o w i n g   o p t i m a l   p e r i o d i c   c o n t r o l   p r o b l e m :  
M i n i m i z e   ( 1 . 1 )   l / ( t 2 - t , )  I g ( x ( t ) , u ( t ) , t ) d t   s . t .  t 2  
t l  
(1 .2 )  i ( t )  = f ( x t , u ( t ) , t )   a . a .  t E T:= [tl,t21 
(1.3) x = x 
t l  t 2  
( 1 . 4 )  u E Uad := {u: T + 62, measurable) 
where x ( s ) : =  x ( t + s )  E IR", s E [-r,O], r > 0, Ox c I R n ,  
uU c I R ~  , 0, c C(-r,O; IR") are  open  se ts ,  g:OxxOu + IR, 
t 
f : O = O  cp x Ou x T +IRn and s2 c ou, c l o s e d .  
O p t i m a l   c o n t r o l   p r o b l e m s   f o r   r e t a r d e d   e q u a t i o n s   h a v e  
b e e n   s t u d i e d   s i n c e a   l o n g   t i m e ,   i n i t i a l l y   w i t h   t a r g e t s  
i n  IRn. P r o b l e m s   w i t h   f i x e d   t a r g e t s  x = $ EC(-r,O; IR") 
w e r e   s t u d i e d  when i t  became c l e a r ,  t h a t  an a p p r o p r i a t e  
n o t i o n  o f  s t a t e  i s  t h e  f u n c t i o n  segment  xt.  However, 
f o r  t h i s  l a t t e r  p r o b l e m ,  a maximum p r i n c i p l e  i s  v a l i d  
o n l y   u n d e r   v e r y   r e s t r i c t i v e   a s s u m p t i o n s .   I n   c o n t r a s t ,  
t h e   p e r i o d i c   b o u n d a r y   c o n d i t i o n   ( 1 . 3 )   a l l o w s   t o   d e v e l o p  
a t h e o r y  o f  n e c e s s a r y  o p t i m a l i t y  c o n d i t i o n s  u n d e r  s i m i -  
l a r l y  weak c o n d i t i o n s   a s   i n   t h e   f i n i t e   d i m e n s i o n a l   c a s e .  
The  p resent   paper   g ives  a g l o b a l  maximum p r i n c i p l e  f o r  
t h i s   p r o b l e m .  
Our   hypotheses  are:  
(1 .5 )   The  func t ions   g (x ,u , t )   and  f (cp ,u , t )   a re   measur -  
t l  
a b l e  i n  t and j o i n t l y   c o n t i n u o u s   i n   ( x , u )   a n d  
(cp,u), r e s p . ,   a n d   c o n t i n u o u s l y   F r s c h e t   d i f f e r e n -  
t i a b l e  i n  x and cp, resp .  
( 1 . 6 )   T h e r e   e x i s t s  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n  
q :  IR+ +lR+ s u c h  t h a t  f o r  a l l  x E O x ,  cp E o,, 
o E 62 and  a.a. t E T 
I g ( x , o , t ) I  + l g x ( x , o , t ) I  I q ( l x l )  
I f (cp ,o , t ) l  + ID1f(cp,o, t ) I  I q( l cp I )  
(1 .7 )   For   every  (u,cp) E U t h e   i n i t i a l   v a l u e   p r o b -  ad Ocp 
1 em 
x = cp, i ( t )  = f ( x t , u ( t ) , t ) ,   a . a .  t E T 
t l  
has a s o l u t i o n   x ( u , c p ) ,   a n d   ~ ( u , c p ) ~  E 0 i s   u n i -  
f o rm ly  bounded  fo r  u E Ua;= {u:T + 62,measurable). cp 
Under  these  assumptions we can   re fo rmu la te   p rob lem 
(1 .1)  - (1 .4)   as 
t 7  
L 
M i n i m i z e  J(u,cp) = l / ( t 2 - t l )  I g ( x ( t , u , c p ) , u ( t ) ) d t  
U ,cp t l  
u E Uad. 
One can show t h a t  f o r  f 
cp + x(u,cp): w 2  ( - r , o  
i s   c o n t i n u o u s l y   F r b c h e t  
1 
i x e d  u t h e  map 
1 
; IRn) + W 2  (T; IR") 
d i f f e r e n t i a b l e .  
2. S t r u c t u r e   T h e o r y   o f   L i n e a r   R e t a r d e d   E q u a t i o n s  
L i n e a r i z i n g   t h e   s y s t e m   e q u a t i o n   ( 1 . 2 )   o n e   o b t a i n s  a re -  
t a r d e d  e q u a t i o n  o f  t h e  f o r m  
(2 .1)  i ( t )  = L ( t ) x t ,  
where L ( t ) :  C := C(-r,O; IR") +IRn i s   l i n e a r   a n d   b o u n d e d  
and f o r ' a l l  cp E C ,  cp + L ( t ) c p  i s  m e a s u r a b l e ,  w i t h  I L ( t ) I  
e s s e n t i a l l y  b o u n d e d .   F o r   t h e   f o r m u l a t i o n   o f   t h e  maximum 
p r i n c i p l e  an a d j o i n t   e q u a t i o n   i s   e m p l o y e d .  As i s  w e l l -  
known, t h e  f u n c t i o n a l - a n a l y t i c  a d j o i n t  a n d  t h e  s o - c a l l e d  
traFisposed e q u a t i o n   d o   n o t   c o i n c i d e .   T h i s   s e c t i o n   s k e t c h -  
es t h e   r e q u i r e d   s t r u c t u r a l   t h e o r y   d e v e l o p e d   i n   [ 2 ] c p .  
a l s o  [ 61 .  
F i r s t  o b s e r v e  t h a t  L ( . )  c a n  be represented  bya   measur -  
a b l e   n x n - m a t r i x   v a l u e d   f u n c t i o n   q ( t , r )   i n   t h e   f o r m  
(2.2)   L( t )cp = I [ d T n ( t , ~ ) 1 c p ( r ) ,  cp E C ,  
w h e r e   q ( t , . )  E NBV(-r ,O;   IRnXn),   i .e .   q( t , . )   is   o f   bound-  
ed v a r i a t i o n  a n d  l e f t  c o n t i n u o u s  f o r  - r  < T < 0 and 
n ( t , r )  = 0 f o r  T 2 0. The e v o l u t i o n  o f  t h e  s t a t e  x t  E C 
i s  g i v e n  by a f a m i l y   o f   s t r o n g l y   c o n t i n u o u s   e v o l u t i o n  
o p e r a t o r s  Q ( t , s )  w i t h  Q ( t , s )  c o m p a c t  f o r  t 2 s+r .  
A s s o c i a t e d   w i t h   ( 2 . 1 )   a r e   t h e   s t r u c t u r a l   o p e r a t o r s  
F ( t ) :  C ( - r , O ;  IR") + C ( 0 , r ;  IRn) 
0 
- r  
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(2 .3)   [F( t )cp! (s)  = c p ( O ) +  Is J [dTn( t+o ,~)1cp(o+~)do 
and  G( t )  : C ( 0 , r ;  IRn) + C(-r,O; IR") g i v e n  by 
( 2 . 4 )  [ G ( t ) - ' c p I ( s ) ~ ( s - r ) - I s  I [d,rl(t+o,r)Icp(u+r-r) 
0 [-r,-ul 
0 [ a , o l  do. 
T h e   o p e r a t o r   F ( t  ) maps t h e   i n i t i a l   f u n c t i o n  x = cp 
i n t o   t h e   c o r r e s p o n d i n g   " f o r c i n g   t e r m "  f t l  o f  t h e  i n t e -  
g r a t e d   v e r s i o n  3 f  ( 2 . 1 ) ;   a n d   t h e   o p e r a t o r   G ( t 1 )  maps 
t h i s   f o r c i n g   t e r m   i n t o   t h e   c o r r e s p o n d i n g   s o l u t i o n  
segment x The sys tem  (2 .1 )   can   a l so   be   desc r ibed  
by t h e   e v o l u t i c ' n  o f  t h e   f o r c i n g   t e r m s  f = F ( t ) x t .  The 
cor respond ing   cspera tors   a re   denoted  by   Y( t ,s ) .   Then 
f o r  t 2 s 
( 2 . 5 )  O ( t t r , t ) = G ( t ) F ( t ) ,  Y ( t + r , t ) = F ( t t r ) G ( t )  
( 2 . 6 )  F(t)@(t,s)=Y(t,s)F(s),O(ttr,str)G(s)=G(t)Y(s,t). 
1 t l  
t l t r '  
t 
The a d j o i n t s  o f  F ( t ) ,  G ( t )  a r e  g i v e n  by 
[ F * ( t ) & l ( ~ ) =  3 i ( O ) -  [n ( t + s , T - s ) - n   ( t + s , - ~ ) l Q ( s ) d s ,  
[ G * ( t )   $ ] ( ~ ) = $ ( r + r ) t  n ( t + r + o , r a ) $ ( o + r ) d a ,  
r T  T 
0 
- 1  i T  
- r  5 T < 0, Q E NBV(0,r; IRr). 
They a r e   r e l a t e d   t o   t h e   t r a n s p o s e d   e q u a t i o n  
t2tr T 
( 2 . 7 )   z ( t )  - z(t,)= -I [n (a , t -a ) -n   (a , t , -a ) I z (a )da  T 
t 
t $ t  2 '  
The e v o l u t i o n   o f   t h e   s t a t e s  z E NBV(0,r; IR") t 
t 
z ( t t s )  , 0 5 s < r 
(2.8) z ( 5 )  = 
( 0  , s = r  
i s  d e s c r i b e d  b y  P ( t , s ) :  
( 2 . 9 )  = P ( t 2 ' t ) &  t 
f o r  t h e  s o l u t i o n  o f  ( 2 . 8 )  w i t h  f i n a l  c o n d i t i o n  z t 2  = Q. 
The r e s t r i c t i o n  o f  O ( t , s )  t o  W 2 ( - r , 0 ;  IRn) i s  bounded 
and  enoted  by 0 ( t , s ) ;   n o t e   t h a t  C$t+r,t) i s  compact. 
The  dual  space o f  W 2  i s   i n   t h i s   c o n t e x t   a p p r o p r i a t e l y  
i d e n t i f i e d  w i t h  IRn x L 2  and f o r  cp E W 2  and 
UJ = ($O,& ) E (W,)* = IRn x L 2  t h e  d u a l i t y  i s  g i v e n  by 
1 
w 1  
1 
1 1 
a,$> = cp(0)T&o + (b Q de . 
c p .  121. 
N o t e  t h a t  P ( t t r , t )  can   be   con t inuous ly   ex tended   to  a 
map f rom IR" x L ( 0 , r ;  IR") (= W2(0, r ;   IR" ) * )   in to  
C ( 0 , r ;  IR")* = NBV(0 , r ;   IR " ) ,   rep lac ing   t he   f i na l   con -  
2 1 
d i t i o n  z t 2  = @ b y  ( z ( t 2 ) , z t 2 )  = (@',Q') € IRn x L 2 . 
F i n a l l y  l e t  f o r  a E IRn 
- r I s < O  
(X,a) ( s )  := t: s = o  . 
3 .  The Global  Maximum P r i n c i p l e  
The p r o o f   o f   t h e   f o l l o w i n g   t h e o r e m   i s   b a s e d   o n   E k e -  
l a n d ' s   V a r i a t i o n a l   P r i n c i p l e , a n d   u s e s   a r g u m e n t s   s i m i l a r  
t o  t h o s e   i n  [ 4 ,51 .  
Theorem 3 .1  Suppose t h a t   ( x o , u o )  i s  a s t r o n g   l o c a l  
minimum w i t h   ( 1 . 5 )  - ( 1 . 7 )  h o l d i n g .  Then t h e r e   e x i s t  
lo 2 0 and y* E W2(-' '0; IRn)* s u c h  t h a t  
( i )  y * ( s )  := c ( t 2 , s ) y *  t 
1 
t 2  
A. I T ( t , s ) X o g x ( x o ( t )   , u o ( t )   , t ) d t  SET 
S 
s a t i s f i e s  
( i i )  y * ( t l )  = y * ( t 2 )  = y* 
and 
( 1  i i )   h o g ( x o ( s )   , u o ( s )  , s )  t < y * ( s )  ,Xof(xz,uo(s) , s ) >  
5 h0g(x0(s )  , O , S )  + < Y * ( S )  ,Xof(x;,o,s)> 
fo r   a .a .  s E [ t l , t 2 - r ]  and a l l  w E a. 
H e r e  O ( s , t )  i s  t h e  e v o l u t i o n  o p e r a t o r  a s s o c i a t e d  w i t h  
i ( t )  = D l f ( x t , u  ( t ) , t ) x t ,  t E T. 0 0  
P r o o f :   T h e   p r o o f   u s e s   s t r o n g   v a r i a t i o n s   o f   t h e   o p t i ma l  
c o n t r o l  uo o f   t h e   f o l l o w i n g   f o r m :  
h e r e  p > 0 ,  w E 61 and s E ( t l ,  
Where  no  confus ion  should poss 
up f o r  up i s   u s e d .   N o t e   t h a t  s ,a 
t <t<s-p and s<t<t  1- 2 
5-p I t < s ;  
- r l .  
b l y  a r i s e  t h e  s h o r t h a n d  
f o r  p small   enough, 
up E Uad  and l e t  xp b e  t h e  c o r r e s p o n d i n g  t r a j e c t o r y  
w i t h   i n i t i a l   s t a t e  xp := xo := cp". 
F i r s t  t w o  lemmata a r e  c i t e d  f r o m  El, Lemma I I I  .2 .2 ,2 .3 ]  
( s l i g h t l y  s t r e n g t h e n e d  h e r e ) .  L e t  o E 61, s E [ t l  , t 2 1 .  
t l  t l  
Lemma 3 . 2  T h e r e   e x i s t s  a sequence (p i )  t e n d i n g  t o  z e r o  
s u c h  t h a t  f o r  a l l  t E T
i ( t )  := l im l/pi [xp'(,) - x 0 ( t ) ]  
e x i s t s ,   v a n i s h e s   o n   [ t l , s )  and c o i n c i d e s   o n   [ s , t 2 1  
w i t h  t h e  u n i q u e  s o l u t i o n  o f  
( 3 . 2 )   x ( t )  = 0 ,  t < s ,  x ( s )  = f (x; ,w,s)- f (xs,u 0 0  ( s ) , s )  
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Fur thermore  
l imli - l / p i [ x p i  - X O I I ~ ; [ ~ , ~ ~ ] ;  lRn) = 0. 
Lemma 3.3  For a subsequence (p ) i 
lim l /pi[J(upi,cpo) - J(uo,cpo)] 
= g ( x O ( s ) , o , s ) - g ( x O ( s )   , u  0 (s),s)+J t 2   g x ~ x ~ l u O ~ O ~  ,a) 
S 
~ O ( a , s l X o [ f o ( x ~ , o , s )  - f(x;,uo(s)  ,s)13 (0)dU * 
Next we s e t  t h e  s t a g e  f o r  an a p p l i c a t i o n  o f  E k e l a n d ' s  
v a r i a t i o n a l   p r i n c i p l e .   C o n s i d e r  Uad i n   t h e   E k e l a n d  
m e t r i c  
d (u ,v )  :=  meas { t :   u ( t )  + v ( t ) )  . 
Then V:= U a d  x 0; i s  a comple te  met r ic  space where  
0; c 0 i s   c l o s e d ,  endowed w i t h  t h e  m e t r i c  i n d u c e d  by 
t h e  W2-norm. Take a sequence 6, + 0, 6n > 0, and def ine  
f u n c t i o n a l s  Fn: V + I R  by 
1Q 
Fn(u,cp):=  [Ix(u,cp) - c p 1 2  + IJ(u,cp)-(rn-Gn)I 1 2 2 1/2 
t 2  
where m:=  J(uo,cpo),  and t h e  norm i n  t h e  f i r s t  summand 
i s   t a k e n   i n   W 2 ( - " 0 ;  IR").  Then Fn i s   c o n t i n u o u s   o n  V 
and F,(u"p) > 0 f o r  a l l  (u,cp) E V.  The  sequence (E,) 
w i t h  :=  F (uo,cpo) converges t o   z e r o   a n d  
1 
~ ~ ( u " , c p " )  I i n f  { ~ ~ ( ~ , c p ) : ( ~ , c p )  E VI t cn.  
Thus E k e l a n d ' s   V a r i a t i o n a l   P r i n c i p l e  [ 4 ,  p.4561  imp l ies  
t h a t  t h e r e  e x i s t  (un,cpn) E V w i t h  t h e  f o l l o w i n g  p r o p e r -  
1 / 2  I I En 
[ d ( u , u n ) + l w n l l   f o r  
L e t  s E T, o E Q and p > 0,  small   enough. We s h a l l  u s e  
t h e   r e l a t i o n s   a b o v e   f o r  (u,cp) = (u""  cp") and f o r  
n o C  
s ,o' 
(u,cp) = (u  ,cp +P ) .  
From ( 3 . 6 )   o n e   o b t a i n s   f o r  (u,cp) 9 (un,cpn) t h e   f o l l o w -  
i n g   i m p o r t a n t   i n e q u a l i t y :  
(3 .7 )  -E:/' I { [ l x ( ~ , c p ) ~ ~ - c p i ~   + I J ( u , c p ) - ( m - 6 2 1   2 1/2 
-[Ix(un,cpn) -cpnl~+lJ(un,cpn)-(m-6,)I 2 1 1/2] 
/ I  [d (u ,un)  + I m n l  I. 
Let   xn :=  x(u",cpn)  and d e f i n e  y E W2(-"0;  IRn)* = 
t 2  
n 1  
IRn x L2( - r ,O;  IR") and An E IR, by 
( 3 . 9 )   h " : = [ l x "  -(pn 
t 2  
L e t  Q " ( t , s ) ,  n = 1,2, ... b e  t h e  f a m i l y  o f  e v o l u t i o n  
o p e r a t o r s  a s s o c i a t e d  w i t h  t h e  l i n e a r i z e d  e q u a t i o n s  
(3.10) i ( t )  = Dl f ( x : ,un ( t ) , t ) x t ,   a .a .  t E T. 
F i n a l l y ,   d e f i n e   b o u n d e d   l i n e a r  
T~ : w 2 ( - r , o ;  I R ~ )  + w2(- 1 1 
(3.11) TnQ := $ ( t 2 , t l ) $  - C 
Now t a k e  (u,cp) = (un,cpn + CQ) 
r 
i 
o p e r a t o r s  
,O ;  IRn) by 
n ( 3 . 7 ) .   T h e   c h a i n   r u l e  
i m p l i e s   t h a t  Fn i s   c o n t i n u o u s l y   F r g c h e t   d i f f e r e n t i a b l e  
w i t h  r e s p e c t  t o  cp. Thus i n  t h e  limit f o r  p + 0 one 
g e t s ,  n o t i n g  t h a t  JI i s  a r b i t r a r y  i n  W 2 ,  
( 3 . 1 2 )   ( T n * y n ) + - A n   g x ( x n ( s )   , u n ( s )   , s ) [ O ~ ( ~ , t , ) J 1 1 ( 0 ) d ~  
1 
t 2  
t l  
1 f o r  a l l  Q E W2 . 
Next we c o n s i d e r   t h e  limit f o r  n + O D .  By ( 3 . 5 ) ,  
Icpn - (pol + 0. Hence  by c o n t i n u i t y ,   r e s p .   c o n t i n u o u s  
F r k c h e t  d i f f e r e n t i a b i l i t y  we g e t  
IX'-X'I + 0, Ia:(s,tl) - ~ ~ ( s , t ~ ) \  -, o f o r  a l l  s E T 
ITn - TO1 + 0 and  IOw(a,s ) l   i s   un i fo rmly   bounded.  Re- 
c a l l   t h a t  lhn! I 1 a n d   l y " \  1 * I 1 .  We have t o  ex- 
l ude   tha t   bo th   sequences  (A") and  (yn)   converge  to
z e r o .  Suppose f i r s t  t h a t  t h e  F r e d h o l m  o p e r a t o r  
O w ( t 2 , t l ) - l d   i s   s u r j e c t i v e ,   h e n c e   a n   i s o m o r p h i s m   o n  
W1(-r,O; 2 IR"). T h i s  imp1 i e s   t h a t   f o r   s u f f i c i e n t l y   l a r g e  
n a l s o  Tn = Q n ( t  w 2 1  ,t ) - I d   i s  an  isomorphism  cp. [ 3 ,  
Lemma Vl l . 6 .11  and  hence a l s o  Tn* i s  an   i so ro rph ism.  
Suppose t h a t  t h e r e  e x i s t s  a subsequence o f  (A")   again 
deno ted   by   (An )   converg ing   t o   ze ro .   Th is   y ie lds  
(w,) 
T h i s   i m p l i e s   e x i s t e n c e   o f  41 E W2(-"0; IR") w i t h  
lQnl I Co and  (Tn*yn)Qn 2 1 / 2 ;  but   f rom  (3.12)   one 
o b t a i n s  
n l  
I (Tn*yn)Cn l  I IAn lC1 
h e r e  Co,C1  a r e   c o n s t a n t s   i n d e p e n d e n t   o f   n .   T h i s   i s  a 
c o n t r a d i c t i o n .  
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L e t  h be a c l u s t e r p o i n t   o f   ( A " )  and  y*  be a  weak c l u s -  
t e r p o i n t   o f   ( y n ) .  T h e n   ( 3 . 1 2 )   i m p l i e s   f o r   a l l  
cp E w 2 ( - r , o ;  1 IR") 
(To*y*)cp = [ (aW( t2 , t l ) *  - Id)y*Icp 
t 2  
tl 
= -Ao I g x ( x o ( ~ ~ ) , ~ o ( ~ )  $ 5 )  [a (s , t )cp I (O)ds .  
Thus ( i )  and ( i i )   h o l d .  
The other   case  can  be  t reated  us ing  the  Hahn-Banach-  
Theorem. 
Now t a k e  (u,cp) = ( ~ ~ ' ~ , c p " )   i n   ( 3 . 7 )   i n   o r d e r   t o   d e r i v e  
t h e  maximum c o n d i t i o n .  A g a i n  t a k e  f i r s t  t h e  limit f o r  
p -B 0 a n d  t h e n  f o r  n -+a. Ther! u s e  t h e  a d j o i n t  e q u a -  
t i o n  i n  o r d e r  t o  g e t  ( i i i ) .  
Theorem 3 . 1  has  an  abst ract   form.  The s t r u c t u r a l   t h e o r y  
o f   r e t a r d e d   e q u a t i o n s   e x p o s e d   i n   s e c t i o n  2 a l l o w s  t o  
d e r i v e  t h e  c o n c r e t e  f o r m  o f  t h e  o p t i m a l i t y  c o n d i t i o n .  
The f o l l o w i n g  lemma i s  c r u c i a l .  
Lemma 3 . 4  Suppose t h a t  t2 2 tl t r . Then 
y* E NBV(0,r; IRn::i a n d   t h e   e q u a t i o n s   ( i )   a n d   ( i   i )   i m p l y  
t h a t  t h e r e  e x i s t s  @ E NBV(0,r; IR") w i t h  y* = F * ( t 2 ) @.  
P r o o f :   T h i s   f o l i o w s  b y   a n   a n a l y s i s   o f  
y* = y * ( t l )  = @ ( t  t ) y *  w 2 '  1 
+ -  
f A. I ~ ( t , t l ) X o g x ( x o ( t )  , u o ( t )  , t ) d t  ' L  
t l  
and ( 2 . 5 ) .   O b s e r v e   t h a t   y * ( t , )  E NBV(0,r;  IR"). 
Us ing   (2 .5 ) ,  ( 2 . 6 )  o n e   o b t a i n s   t h e   f o l l o w i n g   g l o b a l  
maximum p r i n c i p l e .  
C o r o l l a r y  3 . 5  L e t  t2  2 tl t r and  suppose t h a t  
(xo,uo) i s  a s t r o n g   l o c a l  minimum w i t h   ( 1 . 5 )  - (1 .7 )  
h o l d i n g .  
Then t h e r e  e x i s t  A 2 0 and a s o l u t i o n  y o f  t h e  t r a n s -  
posed  quat ion  
( i )  ;i; d I y ( s ) + t p + r [ ~ T ( a , s - a ) - ~  T ( a , t 2 - a ) l y ( a ) h l  
5 
= ~ o g x ( x o ( s ) , u o ( s ) , s ) ,  s E T 
such   tha t  
( i   i )  Y = yt2  and  (Ao,yt2j+(0,0)  in  IRxNBV(0,r ;   IRn).  
( i  i i )   A o g ( x O ( s )  ,L ;O(s )  , s )  + y ( s ) T   f ( x z , u o ( s )  , s )  
t l  
5 h o g ( x O ( s )  ,o,s) + Y ( d T  f (XZ,W,S) 
f o r  a . a .  s E [ t l , tZ - r l  and  a11 w E 62; 
here  q i s   g i v e n  by t h e   r e p r e s e n t a t i o n   ( c p .  ( 2 . 2 ) )  
0 
D l f ( x z , u o ( s )  ,s)cp = [ d 5 ~ ( t , s ) 1 c p ( s ) ,  CF E C(-r,O;  lRn). 
- r  
Remark In   the   theorems  above,   the   min imum  cond i t ion  
( i i i )  i s  o b t a i n e d  o n l y  on [ t l , t2 - r ] .  Suppose,  however, 
that I ~ n ( t 2 , t ~ ) x ~ ~ R n x L 2 ( - r , 0 ; l R  n ) I  n = 1 ,2 ,  ..., is u n i -  
f o r m l y  bounded f o r  a1 1 x E C(-r,O;lRn) w i t h  
1x1 nxL2 5 1 ( t h i s   i s   e . g .   t h e   c a s e   f o r   s y s t e m s   w i t h  
cons tan t   de lays ,   cp .   [Z ] ) .  
Then  one  can  show t h a t  ( i i  i )  h o l d s  on t h e  w h o l e  i n t e r -  
v a l  T = [tl,t21. One has t o  m o d i f y  t h e  d e f i n i t i o n  o f  Fn 
by t a k i n g  t i l e  IRn x L 2 - n o r m  i n s t e a d  o f  t h e  W2-norm  and 
t h e n  a r g u e  w i t h  t h e  c o n t i n u o u s  e x t e n s i o n s  o f  Tn t o  
IR 
1 
IRn x L2. 
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